We derive a many-particle inseparability criterion for mixed states using the relation between single-mode and many-particle nonclassicalities. It works very well not only in the vicinity of the Dicke states, but also for the superposition of them: superradiant ground state of finite/infinite number of particles and time evolution of single-photon superradiance. We also obtain a criterion for ensemble-field entanglement which works fine for such kind of states. Even though the collective excitations of the many-particle system is sub-Poissonian -which results in entanglement-the wave function displays bunching.
ACS ). Additionally, one can see that a manyparticle state is entangled if there are more than one terms in the former expression. Similarly, a single-mode state is nonclassical if it is expressed as a superposition of more than one coherent states [17] . Then, inseparability of |ψ N implies the nonclassicality of |ψ .
Therefore, one can adopt a many-particle inseparability criterion (for N → ∞) to obtain a single-mode nonclassicality criterion. Ref. [2] shows that spin squeezing criterion of Sorensen et al. [12] leads to quadrature squeezing condition [18] for a single-mode field. This condition can be obtained by making Holstein-Primakoff (HP) transformation in the collective spin operators [19] , e.g.Ŝ + → √ Nb. A similar relation stands also for mixed states.
Due to the presence this intimate link between the three kinds of nonclassicalities, one can group the criteria into two [20] . (a) In the first group we can place: the spin squeezing criterion [12] for many-particle entanglement, quadrature squeezing condition for singlemode states [18, 21] , and Duan-Giedke-Cirac-Zoller (DGCZ) [22] criterion (and its product form [23] ) with Simon-Peres-Horodecki (SPH) [24, 25] criterion for twomode entanglement. (b) The second group contains the Hillery-Zubairy (HZ) criterion [26] (which is a subset of conditions by Shchukin and Vogel [27] ) for two-mode states, Mandel's Q parameter as the single-mode nonclassicality, and a many-particle criterion we still do not know yet. We note that sub-Poissonian criterion of Mandel's Q parameter can be obtained from the HZ criterion via BS method [1] [2] [3] .
Group (a) is usually used for states generated from coherent (ACS or single-mode coherent) states via nonlinear hamiltonians [28, 29] or squeezing transfer [30] . DGCZ and SPH [24] are necessary and sufficient criteria for Gaussian states [31] . The second group (b) works better in witnessing the entanglement/nonclassicality of Fock-like single and two-mode states [32] . Common to both groups, it is possible to obtain stronger forms of two-mode criteria by using the Schrödinger-Robertson inequality [33] inplace of Heisenberg uncertainty version [34] .
In this paper, we aim to find the many-particle inseparability criterion missing in group (b). We try to guess its form from the single-mode nonclassicality criterion which belongs to this group: namely Mandel's Q parameter (or sub-Poissonian distribution), i.e. (b †b ) 2 − b †b 2 < b †b . We try the simplest (not unique) way, √ Nb † →Ŝ + [19] . The question we start up with is simple. If we examine the uncertainty ofR =Ŝ +Ŝ− , i.e. (∆R) 2 = R 2 − R 2 , will we be able to obtain an inseparability criterion for many-particle systems?
This way, we obtain a criterion (ξ new ) which works better than our expectations. The strength of violation of this criterion (ξ new < 0, or larger squeezing in (∆R)
2 ) accompanies the superradiant phase transition both for finite and infinite number of particles, see Fig. 2 . ξ new also correctly predicts the temporal behavior of the entanglement of (timed) single-photon superradiance [35- arXiv:1610.06883v1 [quant-ph] 21 Oct 2016 37], see Fig. 6 , for N=2000 atoms placed randomly in a sphere larger than a wavelength [36, 37] . It is worth emphasizing that our derivation (also the validity) for ξ new is completely independent of the presence of a relation between single-mode nonclassicality and many-particle inseparability.
We also obtain a criterion for ensemble-field entanglement, µ new < 0. We consider the stronger form [Eq. (11) in Ref. [33] ] of the HZ criterion [26] for two-mode entanglement. We replace the operatorâ † 1 →Ŝ + for one of the two-modes,â 1, 2 .
(This has been performed in Ref. [38] [39] [40] for the DGCZ criterion.) We observe that also µ new works very well for superradiant states, see Fig.s 3 and 6 . Replacementŝ a † 1 →Ŝ + andâ † 2 →Ĵ + results in a criterion for ensembleensemble entanglement entanglement This works fine for detecting the entanglement between two ensembles after a Dicke-like phase transition [41] .
Wave functionψ(r) becomes bunched (superPoisonnian) above the critical atom-field coupling (g > g c ), see Fig. 4 (a). This is in contrast with the sub-Poissonian behavior of the collective (quasi-particle) excitations of the N-particle system ( Fig. 2(b) ) and the scattered field (see Fig. 4(b) ). We remind that in the N → ∞ limit collective excitations can be described bŷ b operator alone. Such a behavior also occurs in the ground state of an interacting BEC (without a field). Bunching and many-particle entanglement emerge mutually when interaction (collisions) per particle exceeds the excitation energy, U int /N >hω exc , see Fig. 5 . Incidentally, in experiments with BECs [42] [43] [44] [45] [46] we observe that BEC cannot recoil partially unless the excitation energy exceeds U int /N .
Many-particle entanglement
The derivation of µ new follows arguments similar to spin-squeezing condition by Sorensen et al. [12] . Nevertheless, longer expressions show up due to the calculation of higher order moments. A many-particle system is separable if N-particle density matrix (DM) can be written in the formρ
is the DM of the i th particle and P k is the classical probability for mixed states. Uncertainty of thê R =Ŝ +Ŝ− operator becomes larger than (∆R)
We express the collective operators in terms of the single atom spinŝ s
− . We evaluate the difference R 2 k − R 2 k using many CauchySchwartz inequalities and relations among single particle operators, see the Supplementary Material [47] . We show that the DM (1) satisfies the inequality
We conclude that (∆R) 2 ≥ η N for a separable state. So, we define the parameter
whose negativity (ξ new < 0) witnesses the inseparability of the many-particle system. In Fig. 1 , we test ξ new on Dicke states for N=16 particles (or S=8). |S, m = ±S states are separable, explicitly, |g 1 , g 2 , . . . g N or |e 1 , e 2 , . . . e N where g i /e i means that the i th particle is in the ground/excited state [13, 14] . The number of terms, hence the inseparability [], increases upto |S, m = 0 . Linear entropy [48] [49] [50] , an entanglement monotone [51] , follows the expected result, such that it increases upto |S, m = 0 state. Our criterion (ξ new ) -(∆R)
2 is more squeezed for more negative values of ξ new -also follows the similar trend. Duan recently introduced a new criterion [52] , which not only serves for detecting the inseparability but it also reports that (if ξ Duan > n) at least n number of particles are entangled. In Fig. 1 , we scaled ξ Duan with the number 17. Hence, for m = 0 it witnesses that at least 16 (all of the) particles are entangled. Duan's criterion is priceless in the research connecting the gravitation and entanglement [53] [54] [55] , since it quantifies the depth (so the speed) of entanglement.
In Fig. 2 , we calculate ξ new for the ground state of the Dicke Hamiltonian
in the thermodynamic limit (N → ∞) [19] and simulate for symmetric subspace [29] . Here, g is the atom-photon coupling strength where for g > g c = √ ω eg ω a /2 superradiant phase is observed [56] . ξ new not only successfully predicts the presence of the many-particle inseparability, but also its negativity (squeezing in (∆R)
2 ) accompanies the order parameters ( â †â and Ŝ z ) of the transition. In Fig. 2(b) , we observe that value of the linear entropy Q (an entanglement monotone [51] ) also accompanies the transition. The spin-squeezing criterion of Sorensen et al. [12] cannot witness the inseparability where ξ spin < 0 implies the entanglement. The criterion of Duan [52] (not plotted in Fig. 2(b) ) does not exceed 1 for the ground state, which is a superposition of many Dicke states.
In both Fig. 1 and Fig. 2(b) , linear entropy Q and ξ new exhibit parallel behavior. So, we became curious if this is true also for random states. For N=16, in the 2 16 dimensional space, we generated random states and examined if ξ new and Q display parallel behavior. Even though ξ new managed to detect the inseparability of all 2000 states, when Q > 0, the two did not exhibit parallel behavior always.
A stronger single-mode nonclassicality criterion
Atomic coherent states (ACSs) are the many-particle states in the symmetric subset if the complete set of Dicke states [57] . In the limit N → ∞, ACSs converges to coherent states of light [15, 16] . A manyparticle (single-mode) state is inseparable (classical) if it is the superposition of more than one ACSs (coherent state). Therefore, a many-particle criterion converges to a criterion for single-mode nonclassicality. Alternatively, one can perform Holstein-Promakoff transformation, e.g. S + =b † N −b †b , and let the limit N → ∞. We now have a many-particle criterion in group (b) involvingŜ ±,z collective operators. Therefore, we check if we obtain the same (or similar) single-mode criterion, that is Mandel's Q parameter, in the N → ∞ limit. We obtain the criterion (see the Supplementary Material)
wheren =b †b . We note that this is sub-Poissonian criterion except the last term. When one rotates the coordinates [21] b θ =be iθ , the last term becomes Im{( b †2 − b 2 )e i2θ } which is equal to zero for the proper choice of the phase e i2θ . In this situation, we recover the Mandel's Q parameter.
In general, however, criterion (4) seems to be a hybrid [both group (a) and (b)] one. From our previous experience [7] we know that the last term becomes maximum, for Gaussian states, when the θ is chosen in the direction of maximum quadrature squeezing. Since the first two terms are independent from rotations one can make the test stronger via rotations.
A question we need to answer is the following. We started with a weaker criterion (sub-Poissonian), but obtained a stronger one, (4), on return? The answer is the following. We only calculated the uncertainty ∆(Ŝ +Ŝ− ) being inspired from the uncertainty ∆(b †b ). We did not transform the right hand side ( b †b ) of the weaker inequality.
Ensemble-field entanglement
Commonly used two-mode criteria can be put in a stronger form using the Schrödinger-Robertson inequality and the partial tranpose of the operator [33] . For instance, the product form of the DGCZ criterion [23, 34] , belonging to group (a), can be put in a stronger form by using the variancesH 1 =x 1 +x 2 andH 2 =p 1 =p 2 in the Schrödinger-Robertson inequality [33] . Similarly, a stronger form of the HZ criterion, in group (b), can be obtained using theH 1 (5) and obtain the parameter In Fig. 3 , we plot µ SR new for finite/infinite number of particles. We observe that violation of µ SR new , squeezing in the product (6), accompanies the order parameters given in Fig. 2(a) . For the purposes of comparison, we also calculate µ HZ new . We performe the substitutionâ † 1 →Ŝ + in the HZ criterion [26] , â
2 , which is weaker than Ref. [33] . In Fig. 3 , we see that µ HZ new cannot witness the ensemble-field entanglement for g > 1.9g c . The spin-squeezing criterion [12] µ spin cannot reveal the presence of entanglement at all.
Bunching in the wave function
Superradiant scattering from a Bose-Einstein condensate (BEC) has been studied extensively in the last two decades. In the cases of directional scattering [58, 59] or scattering into a cavity [60, 61] , wave function operator can be expressed into two modesψ(r) = u g (r)ĉ g + u e (r)ĉ e . Here, u e (r) = e ik·r u g (r) and u e (r) = cos(kx)u g (r) for the two cases, respectively. Hence, one can calculate the bunching of the atoms in the condensate, g (2) = ψ † (r)ψ † (r)ψ(r)ψ(r) , to learn how the other atoms react to the measurement (modification) of a single one. In Fig. 4 , we show that atoms display bunched behavior above the phase transition.
This behavior is opposite to the one for collective excitations (Ŝ + →ĉ † eĉe → √ Nb in the limit N → ∞) and the scattered fieldâ. ξ new < 0 implies thatb (quasiparticle) field is anti-bunched in this limit. In Fig. 4(b) , we observe the anti-bunching in the scattered fieldâ.
Experiments on BECs [42] [43] [44] [45] [46] show that a condensate reacts to an excitation collectively unless the energy of the excitationhω exc exceeds the interaction en- (a) Wave-function operator, describing indistinguishable atoms in a BEC, is bunched in the superradiant phase. g (3) and g (4) display behavior similar to g (2) . (b) In contrast to the wave function, the scattered fieldâ displays sub-Poissonian (anti-bunching) behavior. 
similar to Ref. [12] . Here, we assume that ω exc is the excitation of the BEC to a higher energy level. For a BEC, in a harmonic trap, harmonic oscillator spacing (∼100 Hz) is much smaller than the kinetic energy BEC gains due to recoil (∼ 10 4 −10 5 Hz) [58] . We examine the ground state of this system and find an interesting coincidence. The GS of the BEC becomes many-particle entangled and wave-function becomes bunched after U int >hω exc .
Single-photon superradiance
Single-photon superradiance is one of the few (almost) exactly solvable many-body systems [36, 37] and it is gaining importance due to its technological applications [62, 63] . Temporal behavior of a timed Dicke state [35] , prepared initially in the state |ψ(0) = N j=1 e ik0·rj |g 1 , g 2 , .
. . e j , . . . , g N , can be given as [36, 37] 
The solutions of β j (t) and γ k (t) are studied in Ref.s [36, 37] intensively. We test our criteria ξ new and µ new also for (8), when there is no field present. When Uint/N > hωexc, the ground state of the BEC becomes many-particle entangled (ξnew < 0) as well as atoms are bunched (g (2) > 1). Incidentally, experiments with BECs [42] [43] [44] [45] [46] show that BEC responses the external excitations collectively unless an hωexc > Uint/N is transferred to a single atom. the single-photon superradiance of 2000 atoms randomly placed at positions r j . The spatial extent of the ensemble is 5 times larger than the wavelength λ 0 = 2π/k 0 . In Fig. 6 , we observe that the initial many-particle entanglement is lost after t > 1/Γ N , where collective decay rate Γ N ∼ N γ can be much larger than the single atom decay rate γ. This is something expected from Eq. (9), since the particles decay to the separable state, where β j (t) e −Γ N t [36, 37] . We also examine the entanglement of the ensemble with the central mode (k 0 ). Initially µ new = 0 since γ k (0) = 0. For t > 0, µ new witnesses the inseparability as β j (t) and γ k (t) are mixed in |ψ(t) . Finally, µ new approaches to zero again since the system ends up with the γ k states eventually.
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